PERMUTATIONAL PRODUCTS AND REGULAR
PRODUCTS OF GROUPS

BY
R. B. J. T. ALLENBY

1. Introduction. In [3] Gregorac asked what relations hold between the permu-
tational products (see §2) of an amalgam (A4, B; H) of groups 4, B with the
amalgamated subgroup H and the generalised regular products (see §2) of the
amalgam.

At the outset it is clear that if G is a generalised regular product of 4 and B
amalgamating H, it is by no means necessary that G is also a permutational
product of 4 and B amalgamating H. For, if A and B are finite groups, every
permutational product of (4, B; H) must also be finite, whereas the generalised
free product of (4, B; H) is a generalised regular product (see Definition 2.8)
and is, of course, an infinite group.

However, in the other direction, we can prove

THEOREM. Let G be a permutational product of (A, B; H). Then G is a generalised
regular product of (A, B; H).

This will be proved in §3, following preliminaries in §2.

2. Notation and preliminaries. The notation will be that usually employed in
group-theoretical writings. We mention, however, the following. If G is a group
and X a subgroup, X¢ will denote the normal closure of X in G. If X, Y are sub-
groups of G [X, Y] will denote the subgroup of G generated by the set of all
elements [x, y]=x"1y lxy where x € X, y € Y. In the case where G is generated
by subgroups 4, (« € I), the cartesian [4,]¢ is the normal closure in G of the sub-
group generated by all [x,, x;] where o, B€ I, a#pB. By {,4} we shall mean the
subgroup generated by all the 4, (8 € I, B#«). It is clear that [4,]¢ <{,4}¢ for any
given « € I.

We shall require the following results.

LeMMA 2.1 [2]. If G is generated by subgroups X and Y, then [X, Y] G. In
particular, [G, X] <1 G for any subgroup X of G.

LeEmMMA 2.2 [2). X¢=X[X, G] for any subgroup X of G.

LemMa 2.3 [2]. If ¢ is a homomorphism of G, we have [X, Y1d=[X, Y$] and
([4.)5)d=[A4.9]°° for subgroups A, in G.
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DEFINITION 2.4. An amalgam (4, B; H) of two groups 4 and B with the amalga-
mated subgroup H is simply their set-theoretical union 4 U B where 4 N B=H.

DEFINITION 2.5 [4]. A normal subamalgam of (4, B; H)is an amalgam (X, Y; K)
where X JA4, Y<{B and XN H=Y N H=K. One can then form the factor
amalgam (4/X, B/Y; H/K) where HX /X and HY|Y are identified via their natural
isomorphisms with H/(HN X)=H|(H N Y)=H/K.

We now come to the definition of permutational products (see [6]).

Let (4, B; H) be an amalgam and choose arbitrary (but fixed) systems of left
coset representatives S, T of A, B respectively modulo H. Form the set W of all
triplets (s, ¢, h) where s€ S, t€ T, he H. For arbitrary a€ A define a map p(a)
of Winto itself by the rule (s, ¢, h)*®=(s,, t, h,) where s, € S, h, € H and s,h, = sha.

Similarly, if be B we define (s, t, h)*®=(s, t;, hy) where ¢, €T, h,e H and
tiho=thb.

It was shown in [6] that:

(i) If A° € H, then there is no ambiguity in the definition of p(/°).

(ii) p(a), p(b) are permutations of W.

(iii) The set p(A) of all p(a) is a group of permutations isomorphic with 4;
the set p(B) of all p(b) is a group isomorphic with B.

(@iv) p(4) N p(B)=p(H) is isomorphic with H.

DEerFINITON 2.6. The permutational product of (4, B; H) with systems of coset
represesentatives S, T is the subgroup of the symmetric group on W generated by
p(A4), p(B). (Distinct pairs of systems in general give rise to nonisomorphic groups,
see [6].)

We now require

THEOREM 2.7 [7]. Let F be the generalised free product of its subgroups A, (« € I)
with amalgamations A, N Ay=H,; («#f), and let G be a group containing homo-
morphic image A,$, of the A, where two mappings ¢,, ¢, agree on their common
region H,; of definition. Then the ¢, can be simultaneously extended to a unique
homomorphism ¢ of the whole of F into G.

This enables us to give

DEFINITION 2.8 [8]. Let G be any group generated by subgroups 4, (« € I) with
amalgamations 4, N Az = H,; and suppose F is the free product of the 4, with
these amalgamations. Then by Theorem 2.7, there is a unique (natural) homo-
morphism ¢ from F to G which extends the isomorphisms from the A4, in F onto
the 4, in G. If the kernel of ¢ is contained in [4,]F, G is called a generalised regular
product of the 4, with amalgamations H;.

Clearly every generalised free product is a generalised regular product of the
same subgroups with the same amalgamations.

Finally we give

LeEMMA 2.9 [8]. Let G be a generalised regular product of its subgroups A, (e € I)
with the single central amalgamated subgroup H. Then, for each € I, A, N [4,]J°=E.
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LeMMaA 2.10 [1). If G is a generalised regular product of its subgroups A, (« € I)
with its amalgamated subgroup H, then A, N {{A}¢= H*,

LemMma 2.11 [5]. If ¢ is a homomorphism of a group G and if X and Y are sub-
groups such that Y contains the kernel of ¢, then (X N Y)d=Xé N Y.

3. Proof of theorem.

LEMMA 3.1. Let F be the free product of o/ =(A, B; H). Then, in F, HN [A, B]
=(H N [4, H])H N [H, B)).

Proof. By Lemma 2.1, [4, H] </ 4 and [B, H] < B. It follows that H N [4, H]
and H N [H, B] are normal subgroups of H and hence that they commute. Set
N=(H N [A4, H])(H N [H, B]) and consider the subgroups [4, H]N and [H, B]N
of A and B, respectively. Using the above remarks it is easy to check that
[4, HIN Q A and [H, BN < B and that [4, HIN N H=[H, BINN H=N. By
Definition 2.5 we can therefore construct the amalgams #=(X, Y; N) and
€=(A/X, B/Y; H/N) where X=[A4, H]N and Y=[H, B]N.

Let the free product of € be denoted by F. Now Fis generated by homomorphic
images of A and B, and hence by Theorem 2.7 the homomorphisms ¢,: 4 — A/X,
é5: B— B/ Y can be extended to a homomorphism ¢ of F onto F. Then

H$ = Hp, = HX/X ~ H/(HN X) = H|N.
Similarly A¢=A/X and B=B/Y.

Now let x e H N [A4, B]. Then x¢ € (H N [A, Bl)¢ < Hp N [A¢, B$] (Lemma 2.3)
=H|/NN[A/X, B/Y]. But H/N ~ HX/X is central in A/X and similarly in B/Y.
Thus, by Lemma 2.9, H/N N [A/X, B/Y]=F and hence H N [A4, B] is contained
in ker ¢ (the kernel of ¢). It follows that H N [4, B]< H N ker . However,
HnNnker¢=HNkerp,=HN X=N. Hence HnN [4, BJ<N. Since the reverse
inequality follows immediately from the definition of N, Lemma 3.1 is proved.

Norte 3.2. The above result extends to amalgams of any number of groups pro-
vided there remains just one amalgamated subgroup. The only change in the
above proof occurs in the last paragraph where (calling the constitutent groups
A, (« € I)) we should have to take x € H N [A4,]F rather than x € H N [4,]. How-
ever, Lemma 2.3 and Lemma 2.9 are still sufficient to deal with this and the re-
quired extension follows.

We momentarily leave the proof of the theorem to obtain a lemma (Lemma 3.4)
which, although it is not used in the proof of the theorem, is the converse of Lemma
3.7 which is an essential part of the proof. Together Lemmas 3.4 and 3.7 extend
(and complete) theorems given by the author in [1].

First we have

LemMA 3.3. Let G be a generalised regular product of its subgroups A, (e« € 1)
with the single amalgamated subgroup H. Then, in G,

Hn [Aa]G = l—I (Hﬂ [Aaa H])

ael
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Proof. To avoid confusion let F be the generalised free product of groups A,
amalgamating the subgroup A where 4,2~ 4, and A~ H. Note 3.2 tells us that the
equality

An[AF =] [ANI4, A)

holds. If we let ¢ denote the natural homomorphism from F to G we have by
Lemma 2.11, since ker ¢ < [4,]F,

HO 4] = A N[44 = (A 0 [4])$
= (H (AN A ﬁ]))¢ = [ [{A N [4., ADé}

ael ael

s 1_1 (Hb 0 (4., H1P) = H (H N0 [4,, H).

Thus H N [A,1° <] ].er (H N [4,, H]) in G and, since the reverse inequality clearly
holds, the lemma is proved.

LEMMA 3.4. Let G be a generalised regular product of its subgroups A, (o€ 1,
I assumed ordered) with the single amalgamated subgroup H. Choose in each A,
a set S, of left coset representatives (including 1,) of A, modulo H4: (= H[H, A,])
and let Q be a system of left coset representatives (including 1) of H modulo
[ lee: (H N [A, H)). Then every (nonidentity) element g of G can be written uniquely
in the form g=s,5;- - - Spqu where 1 #£5,€ Sy, q€ Q,uc [A,)°and oy <ag< - -+ <oty

Proof. Since G is generated by the A4, it is easy to see that every element g of G
can be written as

3.5 g =a, A

where a,€ 4,, ve[A4,]° and o; <ay< - - <e,. We then put a,=s,hh,, where
81 € Sy, hy € H and h,, € [A,,, H]. Thus, since h,, and hence any conjugate of it
belongs to [A4,]°, we can write g=s,(h,a5)a;. . .a,v, where v, € [4,]°. Now h;a; € 4,,
and we repeat the process above. After m steps we obtain g=s, - - - $,h,0, Where
h,€ H, v, €[A,)°. We now write h,=qv,., where ge Q, v,,,€[4,]°, and
putting u=v,, , v, We see that g=s, - - - s,qu as required.

To prove uniqueness suppose that

(3.6) g =081 SpqU = 81 -Spq't

where s;€ Ag, ¢’ € O, u' € [A4,]° and B, <By< - - - <B,. If «; <B,, say, then using
Lemma 2.10, 5, =51 - -$,q' /(3" - - Smqut) "' € Ay, N {o, A}¢ = H*=. Hence s, € H# s0
that s,=1. Similarly, if «; =B, we obtain (s7)~'s; € H4x which implies s; =s;.
In this case we cancel s, and s; in (3.6) and repeat the process with the new equality.
It is thus clear that we must have m=n and s;=s; (i=1, ..., m). This leaves

qu=qu or (¢71)g =u@) e HN [4]°
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By Lemma 3.3 and the definition of Q this implies g=¢’ and hence u=u’ so that
the uniqueness part of the theorem is proved. Conversely, we have

LeMMA 3.7. Let G be a group generated by its subgroups A, (e €I, I assumed
ordered) with the single amalgamated subgroup H. Let S, and Q be as above and
suppose that every element of G can be expressed uniquely in the form g=s,5;- + - Spqu
where s;€ S,,, g€ Q, ue[4,]° and a,< - - - <a,. Then G is a generalised regular
product of the A, amalgamating H.

Proof. As in Lemma 3.3 we take isomorphic copies A, and H of 4, and H
respectively and let F be the free product of the 4, amalgamating A. If ¢ is the
natural homomorphism from F onto G we must show that ker ¢ < [4,]".

We choose in each A, a system of left coset representatives S, taken modulo
H[HA, 4,] as follows. If s, € S,, we choose §, to be that element of A, which is
mapped under ¢ onto s,. (¢ is an isomorphism on 4, and so §, is uniquely
determined.) In a similar manner we choose a set of left coset representatives O
of A modulo [Jue; (A N [4,, H)).

Since F is a generalised regular product of the 4,, we may write, using Lemma
3.4, any fe€ F in the form

If fe ker ¢, then
1 =f¢ =519-50f- - -S4 d.
But, by choice of S, and @, §i¢ € S,, and §é € Q. Further i¢ € [ JFd=[4,]°.
Our hypothesis then implies that
3.8) §10 = 8o = - = 8pd =G = tip = 1.
As ¢ is an isomorphism on the 4, (3.8) leads to
§=8=---=8,=4=1

from which f=1 € [4,]F follows.

We can now give the

Proof of the theorem. Let P be the permutational product of (4, B; H) with
the systems S, T of left coset representatives and let p € P. Since P is generated
by p(A4), p(B) it is easy to see that p can be written in the form p='p(a)p(b)U where
U € [p(A), p(B)]. In fact, if we select systems S, T, Q of left coset representatives
(each including the unit element) of p(4) modulo p(H*), of p(B) modulo p(H3),
and of p(H) modulo p((H N [4, H])(H N [H, B))), respectively, we can show,
as in Lemma 3.4, that p may be written

p = p(s)p(t)p(q)U
where p(s) € S, p(t) € T, p(q) € Q, and U € [p(A4), p(B)].
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We now show that if p=1, then p(s)=p(¢t)=p(q)=U=1. By Lemma 3.7 this
will be sufficient to prove the theorem.

We first note that U is a product of elements of the form [p(a), p(b)] and their
inverses where p(a) € p(A4), p(b) € p(B). We can therefore write

U= :!:j [p(azi- 1), p(b2i—1)1[p(b2s), p(az)]

where we may have to take some of these commutators as the unit element. For
ease in the proof we shall assume U=[p(a), p(b)]; the general case is just as
straightforward.

Suppose, then, that p=p(s)p(t)e(q)U=1 where U=[p(a), p(b)]. Selecting an
arbitrary o € §, € Tand 1 € H, we look at the image of the triplet (o, , 1) under p.
We have

(o, 7, 1)*® = (0, 7, k,) where ok, = os,
(o1, 7, k)PP = (04, 71, ky) where 7k, = Tkyt,
(o1, 71, k2)*@ = (0, 7, k) where k = ko,
(01, 71, K)*@™ D = (s, 71, hy) Wwhere s.h; = ojka™?,
(53, 71, B )PPV = (51, t1, hy) where t1hy = T.hb7 1,
(51, t1, ho)*® = (8o, 11, h3) Where sohy = sihqa,
(S, 1y, h3)*® = (8o, 1o, hy) Where t:hy = thgh.
It follows that
So = s1haahs ' = oka " hy th,ahs' = aski*ka=*hy*hyahi?,
ty = tihsbhi* = 7h b~ *hs *hsbhi* = tkytks*h,b~*hs *hsbhi?.
But p=1 and so s, =0, t;=7, hy=1. Thus from (3.9)

(3.9)

(3.10) 1 = skitk-hy*hshs'-x where xe[A4, H];
' 1 = kytks' -hihythy-y  where y € [B, H).

From (3.10) it follows that s € H[H, A]= H*, and hence that s=1. This, in turn,
implies that x € [4, H] N H. Similarly, € H® so that t=1 and ye[B, H] N H.
Finally, we rewrite the second equality of (3.10) as

1 = kl 'qk_ 1 hlhz- lhay = ku[kl’ q]k- 1 hlhz- lhay

= gkik~*-hih3 *hg-y*
where y* € [B, H] N H. (3.10) and (3.11) then yield
q 1 = kik™t-hihs hgy* -kitk-hithshs'-x.
It is now clear that g~ € (H N [4, H])(H N [H, B]). But by choice of Q this means

that g=1. We have thus shown that s=¢r=qg=1. This implies that p(s)=p(?)
=p(g)=1 and hence that U= 1. This completes the proof of the theorem.

@3.11
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